1983, described the concept of oblique Alfven waves and formulated a model of auroral arcs in which he was able to explain some aspects of the transverse electric field structure.
In the present paper, it is shown that nonzero electron mass combined with the oblique Alfven wave model leads to a natural explanation of the origin of a steady state parallel electric field as well as a mechanism for three-dimensional instability of the arc.
The most important results emerging from the study of the proposed model may be summarized as follows.
The oblique Alfven wave model of auroral arcs [Haerendel, 1983] It is very important to understand the physical scale of the phenomena that is being investigated in the present paper. The terminology that exists in the literature is confusing in this regard so an attempt will be made to place previous work in proper perspective to the present.
Hallinan and Davis, 1970 refer to a class of discrete auroral phenomena as "small scale auroral arcs" which are also termed "breakup arcs" by Goertz, 1981 . These breakup or small scale au-roral arcshavea transverse scaleof the order of a kilometer and sometimes have such associated features as folds and curls in the terminology of Hallinan and Davis. The spatial scale is related to the collisionless or elecu'omagnetic skin depth due to electron density.
Other auroral phenomena which are also termed discrete auroral arcs have a transverse scale (10 to 100 km) which in some models depends upon the conductivities of the generator and the ionosphere [Muira and Sato, 1980; Lyons, 1980; Chiu and Cornwall, 1980; Sonnerup, 1980; Lysak, 1985; Lotko et al, 1987] . The relationship between the various types of discrete arcs is not well understood, but it is often observed that the larger type of arcs form first and then break up by forming a system of arcs which are often described as draperies or curtains. A scenario for this breakup was suggested by Goertz, 1981.
The present work is concerned with the former type of discrete arc and the terminology 'discrete auroral arc' adopted in this paper refers to arcs having a transverse scale of the order of the collisionless skin depth. The acceleration zone is defined to be the region where c2/cop2L_l_2 B/n maximizes, where L_l_ 2 characterizes a geomagnetic flux tube area. For small scale oc arcs, the acceleration zone is of particular importance since that is where wave dispersion and the parallel electric field maximize.
The two dimensional interaction of Alfven waves with the ionosphere has been considered by several authors [Goertz and Boswell, 1978; Lysak and Carlson, 1981; Lysak and Dum, 1983] . There is much useful information that can be obtained in considering arc evolution in two dimensions, but it is only in three dimensions that nonlinear behavior plays a significant 
where n is the plasma density, u is the fluid velocity, m is the ion mass, v is the ion-neutral collision frequency, rl is the magnetic diffusivity, p is the total pressure given by p=n(Te+T i) , 
where _ is the perturbed flux function that obeys V2V =_o_
Assume the parallel flow velocity is small Uz -elu±l.
which may taken to be zero. Define the stream function ¢ through u = z x V¢.
V -V± and all z derivatives will be explicitly displayed as Oz. Although the terminology kinetic has been used to refer to both types of waves, it will not be used here.
Dynamical Invariants
The magnetospheric plasma evolution equations given by Eqs. (11) and (12) 
There is another global invariant which is related to the cross energy of ideal magnetohydrodynamics and is a generalization that includes parallel electron inertia. We denote it by F and it is, r: J_'x{IV¢. v_ +_v:vv_¢} (14) There exists a local invariant which is a generalization of the Alfven frozen flux theorem.
where S is an open surface and C is the contour bounding that surface. Then generalized flux is locally conserved, that is it simply advected by the flow and thus obeys, (1963) , and is also given in the review article by White, 1986. The growth rate is,
where A' is the logarithmic derivative of the outer solution for the perturbed magnetic flux function, XA is the transverse Alfven transit time with respect to the magnetic field produced by field aligned currents and I is a dimensionless integral whose numerical value is about 1. The important thing to note is the strong dependence of the growth rate upon the skin depth. For typical magnetospheric auroral arc conditions kX --1, A'_. = 1, and XA = 0.2 sec, gives _' = 5 sec -1, which is of the order of the observed growth rate for the formation of auroral curls, , 1970] .
[Hallinan and Davis

Magnetospheric boundary conditions
The magnetospheric boundary corresponds to a generator with an internal conductance G. This boundary condition is identical to that considered by Lysak, 1985,
where Y-'G is the generator conductivity and f(x,y,t) is a prescribed function.
As Lysak has pointed out this boundary condition corresponds to a pure current generator for ,EG _ 0 and a pure voltage generator for Z,G _ oo and a nonreflecting generator for ,EG"1 = I.toVA(1 + k2)_2) 1/'2.
The form of the function f is taken to be a function of x with small traveling wave perturbations in the y-direction and is,
Two forms of fo(X) will be considered. One of which is a Gaussian and the other for which fo' (x) is a Gaussian.Thesetwo formsof fo(X)areintendedto model a V shockandanS shockrespectivelyin the terminologyof Temerin et al, 1981 . Specifically the function used is
In the simulations to be discussed in Sec. 
Simple Ionospheric Boundary Conditions
MalIinckrodt and Carlson [ 1978] considered the reflection of Alfven waves from a conducting ionosphere. For a conducting ionosphere, the reflection coefficient is given by
The limiting cases of this expression are: (1) short circuit 1-"= -1: :=_ ¢ = 0 for R i ---) 0, 
STEADY STATE AURORAL ARCS
The model given by Eqs. (11) and (12) Let the geometry be as follows:
x is north, y is east, and z is up. Transform to the frame of the drifting source, then x ---) x -Vdt.
It is important to note that the plasma in the region of interest is not drifting with velocity v d, but only the source of Alfven waves.
The drifting source of Alfven waves emits what Haerendel
[1983] has appropriately called oblique Alfven waves.
In steady state, 0/Ot = 0 and in two dimensions 0y = 0, we have,
-;_ b_, =
These equations may be combined to give 
The presence of the ionosphere means that the Alfven wave will be reflected. The solution for the case of a perfectly conducting ionosphere (_ = 0) and a nonreflecting generator at the magnetospheric boundary is given by wherefk is the Fourier transform in x of a time independent arbitrary boundary profile fix).
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The steadystateparallel electric field, the x-componentelectric field and the parallel currentdensitycanbeexpressed in termsof the solution, Eq. (27). Theseare,
which is found from Eq. (10), the x-component of E is obtained from Eq. (8) and (22),
and the parallel current density is given by Eq. (7) ll(x,z) = V (x, z) the the x -dimensionto be about10km, the y dimension20 km andthe z dimension10,000km.
To convert codetime units to seconds, take the averageAlfven speedto be 107m/s, then 2n codetime unitsis onesecondrealtime. Thesenumbersshouldonly be consideredasguidelines sinceoneis free to chooseany setof scales, sincethe only physicalparameterthat selectsa spatial scaleis the ambientmagnetosphere plasmadensity. For example,choosingthe x-dimension to be 10km andsettingk = 1 in codeunits,implies theplasmadensityis about 10cm-3. Alternatively if we takethe plasmadensityto be 1 cm-3 with _.= 1,the the x-dimensionof the simulation regionis about33 km.
Steady state solutions
All runs are initialized with zero field within the simulation box. The Alfven wave is launched into the box by application of the non-reflecting magnetospheric boundary condition Eq. (19), which is turned on by ramping the function f linearly in time until t = 2r_ at which time it is held at a constant amplitude of 2 for the duration of the run.
Contourplots of the electrostaticpotential,the magneticflux function, parallel electric field, and the parallel current density are presented in Figure 1 and 2 A comparison of the structure of the parallel current density and the parallel electric electric field shows that the positive parallel electric field occurs in the region of negative 0xJii.
Thus the rightward drifting positive parallel electric field accelerates electrons downward to produce the upward current which lags behind the parallel electric field.
Three-dimensional time dependent simulations
The In Figures 3 -6 are the main results from the three-dimensional simulations correspond-ing to runs 1 through 4 respectively. The differencesbetweenthe non-drifting (8 = 0) and drifting (8 = 0.1) runs are discussed In'st. The main qualitative difference is the asymmetry about the x = _ plane which is also present in the two-dimensional simulations. However, in the three-dimensional simulations for the S shock case, the asymmetry is also reflected in the qualitative differences between the negative and positive values of the potential and the current density in the x-y plane.
For the V shock case, the main difference between the 8 = 0 run and the 8 = 0.1 run is that the non-drifting case has somewhat more structure than the drifting case.
It was observed in other runs as well (not shown) that increasing 8 decreased the growth rate of the instability for both S and V shock boundary conditions.
The structure along the magnetic field is much more field aligned than one would be led to believe from the x-z contour plots in the lower panels of Figures 3 -6 . This is because the total magnetic field, geomagnetic plus that due to JIl' has field lines that make a large angle with respect to the vertical in the y-z plane due to the strongly contracted z-dimension. Thus structure existing in the x-y plane is projected onto the x-z plane. This is clearly seen by comparing the current density plot in the x-y and the x-z planes. Note also that there is much structure in the parallel electric field. The reason for this is the parallel electric field has one more derivative and hence more structure than the current density (see Eq. (28)).
The source of the instability which is the origin of the three-dimensional structuring in all runs is the lowering of the magnetic energy through magnetic reconnection, i.e. a tearing mode.
A tearing mode is implied for two reasons. the V shock cases shows that the spectrum is considerably steeper for the S shock cases. One must be careful in interpreting this observation, because spectra taken at later times for the S shock case (not shown) also shows a tendency towards a -5/3 power law. The correct interpretation of this result is that all cases approach a universal power law of -5/3, and the S shock cases shown represent spectra taken in an earlier stage of evolution. The arcs evolve through a combination of collisionless tearing and shear flow, with stronger driving field aligned current resulting in more rapid three-dimensional evolution.
4. The transverse electric field spectrum of a three-dimensionally evolving arc appears to approach a k -5/3 power law as time progresses. The approach is faster for higher shear and parallel current.
At earlier times the spectrum may be quite steep. At suchaltitudes( 110-160km) wherethe ion-neutral collision frequencyis sufficiently largeto allow ion crossfield currentsis thecircuit completed.
Discussion
The stationary arc solutions discussed in Secs. 3 and 4.3 clearly demonstrate the existence of the parallel electric field, an estimate of the magnitude of Ell may be obtained from Eqs.
(10) or (28). The quantities appearing in Eq. (34) are estimated as follows. _x~2 x 10 -3 m "l, n o~106 m "3 , JII~10"6 A/m2 and guess the drift velocity to be v d~3, 000 m/s in the magnetosphere which maps to a much lower velocity in the ionosphere.
With these values, Ell -0.2 mV/m, which is equivalent to one keV per 5000 km along B. The esimates of the parameters are typical, but any one may vary by a factor of two or more. It would seem to be possible to achieve a parallel elec- et al, 1983; Koskinen et al, 1988; Tetreault, 1988] . It is, however, the author's belief that WDL's are the result of electron drift and not the origin of the drift. The instability which forms the WDL's (ion-acoustic or possibly something else)may actto redistributethe field alignedpotentialdropinto discretepackets,whereasthe actual origin of theparallelelectricfield is dueto theobliqueinertial Alfven wave. Upper panel is in the x-direction and lower panel is in the y-direction. 
